In high inventory scenario, it is difficult to set economic order quantity (EOQ) of every item. Therefore, items are grouped into categories (ABC classification) and one replenishment policy for each category is implemented. However, in ABC classification, the inter-relationship between items is not considered. But practically, the sale of one item could affect the sale of other items (cross selling effect). Hence, within categories also, the EOQ should be calculated by considering the dollar usage of the item itself and its effect on the sale/non sale of other items. In this paper, a modified approach is proposed considering both ABC classification and cross selling effect. The inventory of imperfect items is first classified into categories and then within each category cross selling effect is calculated to determine EOQ of each item. It is illustrated that by using this modified approach; the EOQ of items may get affected resulting in higher profit.
Introduction
In many inventory control systems, items are grouped into categories based on dollar usage and generic inventory control policies (such as service level/order quantity/safety stock coverage) are applied to each item in the same group (Xiao et al., 2011) . However, the class of inventory is just used to decide what inventory policy should be taken for the items which belonged to their appropriate category (Kaku, 2004) . But, for effective management, classification based only on dollar usage is insufficient. Other factors like uncertainty of supply, the rate of obsolescence, the availability of the substitute material, lead time, durability and the blockade effect of stock out should also be considered. One of the important factors is purchase dependency also known as cross-selling which refers to the dependency of purchase or non-purchase of one item or itemset on the purchase or non-purchase of another item or itemsets (Bala, 2008) . There are certain items which are often purchased together, for example shampoo and conditioner. Hence, there is a possibility that a customer may also not purchase shampoo if conditioner is not available. Hence, the profit of shampoo not only comes from its purchase but some percentage (which can be calculated by evaluating co-relation value) of conditioner's profit should also be added to get total profit of shampoo. This is known as cross-selling effect which co-relates the items with each other depending on their effect on each other's selling. Other example of related items could be bread and butter, desktop and keyboard, mobile and sim, etc. The cross-selling factor plays an important role in evaluating profit of an item. Many researchers have developed various methods for classification of inventory and many models have also been proposed which consider cross-selling effect. But these two approaches have not been merged yet. While applying ABC classification approach, the inventory is classified into A, B and C categories and then any one item from a category is selected and its economic order quantity is calculated. This EOQ is applicable for all items of inventory. However, as discussed, the items may be correlated to each other. In this paper, after classification of inventory, the items of each category are examined for cross-selling effect. This cross-selling effect is used to modify the economic order quantity. Moreover, the inventory may contain imperfect quality items which are also considered. In this paper, a new approach of inventory classification for multi-item inventory of imperfect quality items is proposed based on cross-selling effect and ABC classification. After constructing the frame work of proposed classification approach, comparative studies with traditional ABC classification are provided with the help of numerical example which illustrates the effect of cross-selling within each category.
Related work
In today's technology driven world, despite of efficient planning of manufacturing systems and emergence of sophisticated production methods and control systems, the items produced may have some fraction of defectives. These items, not necessarily defective, could be used in another production/inventory situation, that is, less restrictive process and acceptance control (Mittal et al., 2014a) . By considering this fact, researchers have devoted a great amount of effort to develop EOQ models for defective items (Lee and Rosenblatt, 1987; Porteus, 1986; Rosenblatt and Lee, 1986; Schwaller, 1988; Salameh and Jaber, 2000; Zhang and Gerchak, 1990) . The management of inventory can become more effective if instead of calculating EOQ for each item, the inventory is classified into categories based on some criteria and then EOQ is calculated for each category. Multiple criteria can be used for classification of inventories including lead time, criticality, commonality, obsolescence and substitutability criteria (Cohen and Ernst, 1988; Chase et al., 1998; Flores and Whybark, 1986; Flores and Whybark, 1987; Lenard and Roy, 1995) . Ramanathan (2006) proposed an approach called weighted linear optimisation, to aggregate the performance of an inventory item in terms of different criteria to a single syntactical score by using a weighted additive function. Further, Zhou and Fan (2007) proposed an extended version of such weighted linear optimisation for multi-criteria inventory classification. The analytic hierarchy process (AHP) (Vaidya and Kumar, 2006 ) is a practical methodology that is used for evaluating the weights of criteria. There are other practical limitations which should also be considered while calculating EOQ. Factors such as allowable shortages, time-dependent demand under inflationary conditions, allowable shortage under the condition of permissible delay in payments, deteriorating items with imperfect quality are considered in Jaggi et al. (2011a Jaggi et al. ( , 2011b Jaggi et al. ( , 2012a Jaggi et al. ( , 2012b Jaggi et al. ( , 2013 . Furthermore, for forecasting demand and evaluating EOQ, purchase dependencies should also be considered while classifying inventory (Bala and Xavier, 2012) . Purchase dependency can be evaluated by using association rule mining. Relevance of association rule mining in the context of multi-item inventory replenishment has been discussed in Bala et al. (2010) and Bala (2009) . Various association rule mining techniques are compared in Khurana and Sharma (2013) .
Clustering-based demand forecasting (Bala, 2012) and classification-based demand forecasting (Bala, 2010a (Bala, , 2010b systems have been developed for improved forecasting and enhanced inventory management. Various other techniques such as statistical inference, rule induction, data visualisation and applications of hop field neural network are defined in Kumari et al. (2013) . Further, Jain et al. (2012) studied the effect of positive and negative associations using genetic algorithm. Another approach for finding frequent patterns based on density minimum support distribution was proposed in Khare and Gupta (2012) . Further, Mittal et al. (2014b) presented various ordering policies using association mining techniques.
Proposed work
The main objective of this research is to analyse the effect of cross-selling factor on purchase/non-purchase of an item. In earlier approaches, the inventory is classified into categories and then generic EOQ is calculated which is applied to whole category. However, as stated earlier, the items are correlated with each other and hence while calculating their EOQ their effect on each other should also be analysed. In this paper, we have proposed an approach for calculating EOQ for multi-item inventory in which all the items are first categorised into three categories A, B and C where A refers to significant few and C refers to trivial many. The ABC classification scheme is based on Pareto principle which states that a small fraction of items account for high percentage of total dollar usage (product of unit price and annual demand of item). Now in each of these three categories cross-selling effect is calculated by using association rule mining which is the most popular technique in KDD (knowledge discovery in databases). Cross-selling effect, also known as purchase dependency, refers to the dependency of purchase or nonpurchase of one item or itemsets on the purchase or non-purchase of another item or itemsets. Such dependencies/effects can be evaluated by analysing past transaction data and computing the co-relation between different items. The co-relation can be determined by using association rules. Given the transactional database of n transactions containing items {I1, I2 … In}, the association rule can be calculated by using the two factors support and confidence. Support for item I1 is defined as the frequency of its occurrences in total transactions and is given by:
The relationships between items are expressed in terms of confidence. Confidence is defined as conditional probability as conf (I1 → I2) refers to frequency of purchasing I2 when I1 has been purchased.
For calculating support and confidence, Apriori algorithm has been used in this paper. It is the most commonly known algorithm which was first proposed by Agarwal et al. (1993) . Apriori algorithm works to find the frequent itemsets based on minimum support and generate association rules based on threshold confidence. This algorithm runs in several passes. At first, the algorithm simply counts item occurrences to determine the frequent 1-itemsets. A subsequent pass, say pass k, consists of two phases. In the first pass, the frequent itemsets L k−1 found in the (k − 1)th pass are used to generate the candidate itemsets C k , using the Apriori candidate generation function (apriori-gen). Next, the database is scanned and the support of candidates in C k is counted. The Apriori algorithm is
The apriori-gen function takes as argument L k−1 , the set of all frequent (k − 1) item sets, and returns a superset of the set of all frequent k-itemsets. These itemsets are treated as candidates and only for those candidates the support is counted. For determining the purchase dependencies between items, cross-selling factor has to be calculated. The cross-selling effect is given by confidence between items. When item k is out of stock, its influence on other item i is modelled as G k,i and can be written as follows:
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∑ where, k = 1, 2, … n items in a frequent itemset and n is the number of items in a frequent itemset. f(k, i) is the subset of item i except k item in a frequent itemset. Opportunity cost of item k is defined as lost cost of an item due to cross-selling effects which is given by , OC .
where u i = cost price of unit item i. By using this value of OC k , Kaku (2004) calculated a variable, probabilistic index, α k , which models the effect of opportunity cost of an item on its order quantity and is given as:
where, H k = holding cost of item k per unit. This α k is used to implement the concept of opportunity cost in further calculation.
Mathematical model for EOQ calculation
Following notations are used in the derivation (Table 1) . Now, as discussed in Salameh and Jaber (2000) , consider the case, where a lot of size y is delivered instantaneously with purchasing price of c per unit and a fixed ordering cost of K. It is assumed that each received lot may contain percentage defectives, p, with a known probability density function, f(p). A 100% screening process of the lot is conducted at a rate of x units per unit time. The selling price of good quality item is s per unit. It is assumed that defective items are sold as a single batch at a discounted price, v. The behaviour of the inventory level is illustrated in Figure 1 where T is the cycle length, py is the number of defective items withdrawn from inventory and t is the total screening time of y units ordered per cycle. An equation to calculate the optimal value of y will be derived so that the expected profit becomes maximum. The total revenue generated per cycle, TR(y), will be the sum of revenues generated from good quality items as well as the revenue generated from defective items, i.e.,
TR( ) (1 ) y s p y vpy
The total cost per cycle, TC(y), is the sum of purchase cost, fixed cost of placing an order, cost spent for inspection and holding cost, i.e., 
The total profit, TP(y), earned during each cycle is the difference between revenue generated and cost spend, i.e., (
and the expected duration of the ordering cycle, E(T), is
As per renewal reward theorem (Ross, 1996) , the expected profit per unit time, ETPU(y), is given by the following equation 
Now, for finding the optimal value of y differentiate equation (8) 
The second derivative of equation (8) is −2KDy -3 which is always negative for all values of y which shows that there exist an optimal value of y for which ETPU(y) is maximum and the value is
When there would be no defective items, i.e., for p = 0, equation (9) reduces to *Basic 2KD y h = which is traditional EOQ formulae.
The value of y * gives the optimal order quantity for items when they are treated individually. However, when cross-selling effect is considered, the total profit of an item is the sum of its individual profit as well as its influence on the purchase of other items which was modelled as probabilistic index, α k . Therefore, the optimal order quantity considering cross-selling effect, y *CS , is given by 
For analysing the effect of cross-selling on revenue generated, we have taken a dataset of different transactions containing different items. Various parameters of items like cost price, selling price, annual demand, etc. are given. Now, as per traditional ABC classification scheme, all items are assigned to A, B and C categories depending on their dollar usage. Since one generic policy is applied for whole category, we have selected an item from each of the three categories and calculated its EOQ. Further, to analyse the correlation between different items of a category, Apriori algorithm was applied to evaluate support of each item and confidence between every pair of items in the category. Using this support confidence framework, opportunity cost of every item was calculated and its EOQ was modified as per the formulae explained above to accumulate the effect of purchase dependency. It was observed that when cross-selling effect is also considered, the EOQ of an item, ith, is modified by a factor of probabilistic index, α k , (defined as the probability that if ith item is purchased what will be the probability that other items of the inventory will also be purchased) resulting in higher revenue generation.
A line diagram is given below for explaining the proposed work ( Figure A numerical example is given below to illustrate the effect of cross-selling on EOQ of an item.
Numerical example
We have considered nine transactions (Transaction IDs 1-9) containing nine items I1 to I9, which have the following parameters (Tables 2 and 3) . We have categorised our inventory into A, B and C categories depending on their dollar usage by considering that items having dollar usage greater than or equal to 60,000 will be placed in A category, between 30000 and 60000 will belong to B category and C category will have items whose dollar usage are less than 30000. Thus, A category will contain (I1, I3, I6), B will contain (I5, I7, I8) and C will have (I2, I4, I9) . Also, assume that the fixed order cost to place an order is 100$, the carrying charge is 25% and screening rate is 5% of purchase cost.
If inventory operation operates on a 8 hours/day for 250 days a year, then the annual screening rate x = 1 × 60 × 8 × 250 = 1, 20,000 units/year. Furthermore, the percentage defective random variable p is uniformly distributed with its probability density function as 25 0 0.04
For determining the EOQ for the items of A category, we will consider only those transactions that contain items of A category, which is given in Table 4 . By using Apriori algorithm, S(I1) = 3, S(I3) = 4, S(I6) = 3, Conf( I1 → I3) = 0.66, Conf(I1 → I6) = 0.33, Conf(I1 → I3 U I6) = 0.33. Now from equation (1) , OC .
and probabilistic index, α k from equation (2) is 1.12159.
Now, we will find optimal order quantity for item I1 for a cycle of 27 days.
In the first case, we have assumed that all items are of perfect quality then the optimal value of order quantity, EOQ, is y * , 2 * 748 units.
In the second case, it is assumed that items are defective in nature then the optimal value of order quantity, EOQ, is y *imperfect . *imperfect 2 2 763 units.
In the third case, we have considered cross-selling effect and then the optimal value of order quantity, EOQ, is y It can be observed that the optimum value of y is different in all the three cases for same cycle length. Now this value of y will be same for all the members of A category that means reordering quantity of items 1, 3 and 6 would be 808 units. Similarly, EOQ as well as revenue generated for items of other categories, i.e., revenue generated when all items are considered to be of perfect quality, Rev * , revenue generated for imperfect quality items, Rev *imperfect and the revenues generated when crossselling effect is considered, Rev *cs can be calculated and shown in Table 5 . The revenues generated are compared in Figure 3 . It is clearly seen from the figure that when we consider cross-selling effect, the value of EOQ may be affected resulting in increase of revenue generated. 
Findings and practical implications
Two approaches were used for calculating EOQ. During first approach, the inventory is classified into three categories based on their dollar usage. Within each category, one item is selected and its EOQ was calculated using traditional approach. The calculated EOQ is treated as generic EOQ for all items of that particular category and replenishment policies can be applied accordingly. The revenue generated was also calculated. During second approach, after categorising the items into three categories, an item in each category was analysed for their effect on each other and cross-selling factor is calculated in terms of opportunity cost. The EOQ of items were modified using opportunity cost and revenue generated was recalculated. It has been observed that when cross-selling effect is considered, the revenue generated increased in comparison to when calculated in traditional approach. Retailers can make use of modified EOQ calculation approach to increase the revenue generated.
Conclusion
In this paper, two contributions have been provided. Firstly, the inventory items are classified on the basis of their dollar usage into A, B and C categories. By applying this approach, instead of evaluating EOQ for every item, EOQ of any one item for each category is evaluated and that generic EOQ is applied for the whole category. Secondly, a new approach is proposed to estimate the opportunity cost based on the supportconfidence framework and then this new opportunity cost is used to modify the order policy in each category. As the total profit of an item is calculated by the summation of its own profit and its influence on the sale of other items, we modified the EOQ by calculating this influence, known as cross-selling effect. It has been observed that when we consider cross-selling effect, the value of EOQ may be affected resulting in increase of revenue generated. In the above example, we have taken a short cycle length of 27 days only and hence the difference in EOQ is less. However, the results would be more prominent when annual EOQ is considered and in that case, there would be higher difference in revenue.
Limitations and future scope
In this paper, we have considered the cross-selling effect between pair of items. However, in realistic scenario, set of items could depend on another set of items. For example, a customer may purchase a set of 4items together. For such cases, the correlation between every set of items should be considered and the cross-selling factor should be modelled using more complex association rules. As discussed before, the Apriori algorithm can be used for determining frequent items along with their support. Using this support, various association rules can be generated and analysed for set of items for calculating their dependency on each other. The confidence of each such dependency is to be calculated and EOQ should be further modified. This will be our future work.
